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We present a gauge formulation of the Poincaré algebra extended to include
fermionic generators belonging to the vector-spinor representation of the Lorentz
group. The gauge action of the theory, quadratic in curvature tensors, is derived.

Supersymmetric theories (Freedman er al., 1976; Deser and Zumino,
1976; Grimm et al., 1978; Mandelstam, 1983; Cremmer et al., 1978) have
been studied extensively as gauge theories which unify space-time and internal
symmetries in a nontrivial way. In all these theories the fermionic generators
of supersymmetry belong to the ('/2, 0) + (0, !/2) representation of the Lorentz
group. Theories of interest have one (N = 1), two (N = 2), four (N = 4 super
Yang—-Mills theory), and eight (N = 8 supergravity) such fermionic generators.

Supersymmetry algebra can be extended (Pilot and Rajpoot, 1989a,b)
to include fermionic generators belonging to the vector-spinor representation
of the Lorentz group. The resulting algebra circumvents the theorem of Haag,
Lopuszanski, and Sohnius (1975) in a nontrivial way. As required by the
theorem of Coleman and Mandula (1967), the N = 1 vector-spinor superalge-
bra closes on the generators of four-momentum P, and the generators of
rotations and boosts M, for a sensible S-matrix.

We take the generators of the N = 1 vector-spinor supersymmetry algebra
to be P,, M, and Q,,. The nontrivial commutator and anticommutators of
the algebra are [Maa" Mbb’]’ [Maa’9 Pb]’ [Maa” QbB]7 [Maa" QE]’ and {Qacu
0%). Tt is convenient to write this algebra in the form [X4, Xz} = if$s X
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where X, represents {M,,, P,, O, } and span a (6 + 4 + 12)-dimensional
space. The structure constants of the algebra are

Feomy = —2[Mwd505 — Muprd5ds — Mupdidf + My 8505 1 (1)
fza’b = _(T]abSZ’ - T]a'bSZ) (2)
folbp = —2 Yaapdh — (Mapd5dF — Myp,0587) 3)

Sootp = —ia[Mg(v)§ — ';—('Ya)gai - %(Vb)gsi + %iﬁf}bd(\(d'Ys)g] 4)

The structure constants satisfy the relation (Nath and Arnowitt, 1975; Man-
souri, 1977) f$ = —(—1)*WBrL,  where o(A), o(B) = 1 for fermionic
generators and o(A), o(B) = 0 for bosonic generators.

In order to construct a locally supersymmetric theory (MacDowell and
Mansouri, 1977) with vector-spinor super-Poincaré algebra as the underlying
local symmetry, we introduce space-time-dependent parameters A = (A%,
A, A% and gauge fields A% = (A%, A%, A%*) for each generator X, = (M,
P, Que) Of the algebra. Note that A,“f" is the affine connection (wff'), Al is
the vigrbein (ef), and AL* = ™ is an extension of the usual Rarita—Schwinger
field ¥ with an additional vector index a. Next, we construct the following
superalgebra-valued scalar and vector fields \ and A,

N = MX, = INMy + NP, + N0, 5)
Ap = AﬁXA = %mﬁa'Maa' + eﬁ»Pﬂ + XﬁuQ““ (6)

The covariant derivative is defined as D, = 9, + iR,(A,), where Ry(A,)
represents the appropriate action of gauge fields on the matter representation
¢. Invariance of D, under translations requires 3(A\)(D,d) = D, (3(M)d),
where A represents the parameters associated with the generators X,. The
gauge fields transform in the adjoint representation of the symmetry group,
e, Ay(x) = e ™A, — id,)e™, and the infinitesimal version of this relation is

A, = 3\ — i[\, A,] = DA )

Curvatures are defined through the use of the Ricci identity, [D,, D,]$ =
iRy(Ry)d, where R, = DA, — D,A,. Thus the curvatures corresponding
to the various generators of the algebra are F2, = (R%, F%,, R%), where
ng,' represents the Riemann curvature tensor, R{, is the torsion, and R—ﬁ‘i is
the SUSY (1, 1/2) + (1/2, 1) field strength associated with the extended
Rarita—Schwinger field {r{*. The superalgebra-valued curvature tensor R,
is defined as R,, = R4, X, = 1R M, + R4, P, + R%%Q,, and transforms
as R,, — ¢ ™R,,e™. Under infinitesimal gauge transformations we have R,
= RS, M5f%c X4, a result which follows through the use of the Jacobi identity.
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The curvature terms are
R = 9,08 ~ 9,02 + 20b%0},
+ el — efel + Pt — Py
+ LUy, ®)
RS, = 3,68 — 3,¢t, + whie,, — wle,
+ ialby by, — 2ally ysies.q 9
Rie = 0,05 — 3,0 + b (Biyp)®
— ol (Biyp)® + o5, — oV,
+ iaeb (Uyp)™ ~ iaeh(Piyy)
- 156"1 Py + !52 eby)"®

— 2al b Wsyy)® + eliytys) el (10)
In deriving these results, we have used the relation f§5z = (—1)
f5a(— 1) O+l and have taken i, to be transverse, i.e., (YW¥a)e = O.
The Jacobi identities for the covariant derivatives D, imply the Bianchi
identities DpR4,) = 0, where (Apv) stands for cyclic permutations of the
indices.
An action quadratic in the curvature tensors is

I= f d*x e {4s R0, RS, (1)

where et = eet" = \/?g,; €"“9" is a number and can be shown to be
invariant due to the Schouten identity. Also, e = det(e}), g.» = ep(x)eya(x),
g = det(g,,), and €**’" is the 4-dimensional Levi-Civita tensor and {43 =
Lpa(— 1)@ is a constant metric used to contract the local, tangent space,
or group indices. Invariance of the action under local gauge transformation
requires the following condition to be satisfied (Pais and Rittenberg, 1975):

FPulpe = fPalpp(— P Olo@+o®]

This relation is satisfied provided we choose {ap = (M Moy — MNa'sNap'> Nabs
Maslap)- Explicitly, the invariant action for N = 1 vector-spinor supergravity is

/= J 5 PR (MR g (M)

+ RE(PRaor(P) + REUDR (D] (12)
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Inherent in the action are the usual terms that are topological invariants;
terms that give Einstein’s gravity with a cosmological constant and terms
that are new and specific to the vector-spinor gauge theory. The action can
be decomposed further into elements of irreducible representation of the
gauge group. The decomposition is relevant for identifying the full symmetries
of the action. The full implications of the theory with matter fields will be
presented in a future publication.
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